The main contribution of this paper is the use of the evolutionary multi-objective methodology based on the complex search algorithm and geometric approaches to optimise a parallel kinematic structure. The design optimisation scheme includes the kinematic (collisions free workspace), elastostatic (Cartesian stiffness in the Y direction) and elastodynamic (first resonance frequency) properties of the PKM as the objectives. The optimisation constraints are the support frame lengths, actuator positions, end-effector's kinematic parameters and the robot's arm lengths. The optimisation results are presented in this paper.
Introduction
A generalised parallel kinematic manipulator (PKM) is a closed-loop kinematic chain mechanism where the endeffector is linked to the base by several independent kinematic chains [1] . It may consist of redundant mechanisms with more actuators than the number of controlled degrees of freedom of the end-effector. The study of PKMs has been an active research field in robotics and mechanical design for a long time. From the first ideas of [2] and [3] , many mechanisms and design methods have been developed. The concept of using the parallel mechanism as a special motion mechanism with 6-DOF (degree of freedom) was first presented by [2] .
The kinematic/dynamic performances of a PKM highly depend on its geometry, e.g. link lengths, positions of fixed actuators, shape and size of the manipulated platform on which the TCP may be defined. The optimal design problems exist because of a non-finiteness of optimisation parameters, where their upper and lower limits are not fixed and depend on other parameters, the antagonism of multiple criteria and the assignment of the initial values. To reduce the computational time effort, the optimisation parameters have to be limited and analysed before the optimisation process starts. The limits of the parameters will be found logically, analytically, specified by end-user, using the normalisation methodology [4] , [5] or using other design variables to limit the optimisation parameters [13] . In [13] , for example, the link upper limits are found from the unreachable space detection.
A number of different optimisation criteria for parallel manipulators have been proposed in the past. The design optimisation may have many objectives which cannot be found numerically and it is a reason why most proposed optimal design procedures are focused on the optimisation of the main characteristic of the manipulator, for example, reachable workspace, conditioning and stiffness indices, vibration analysis and manipulability criteria. In [7] it is stated that a parallel manipulator with maximum possible workspace may have undesirable characteristics such as low stiffness or resonance frequencies, which means that a multi-objective optimisation is needed. As stated in [6] the optimisation process may consist of the following stages: translate the end-user wishes into numerical indices, choose the structure and choose the dimensioning. The transformation of the user's wishes into numerical performances is given by number of DOF, workspace description, geometry and mass of load, footprint of the robot, actuators, joints, stiffness, position accuracy, internal sensors, dynamics and cost [6] . The priority levels have to be chosen for all performances.
The complex search method was used for the mechanical design optimisation in [8] and [9] . In [9] a mechanical design optimisation of a hydraulically actuated manipulator is presented. The main objective is minimising the energy consumption with side constraints on stability, response time and load dependency. The initial population has 30 designs and the optimum design is found in 250 iterations. In [8] a multi-objective design optimisation of a servo-robot for a pallets handling is presented. The objectives are the cost and speed. The accuracy of the tool point, an expected life of the planetary gears and the welded structure, vibrations and thermal conditions of the servo motors are the main side constraints. Discrete design variables originally handled by a mapping technique. The optimum design was found in 50 iterations with an initial population of 10.
Three main techniques based on the mechanism of natural selection to solve a mechanical design problem include genetic algorithms, evolution strategies and evolutionary programming. These methods are known as evolutionary algorithms. Evolutionary algorithms are suitable for the multi-objective problem solving because they deal simultaneously with a set of possible solutions that allow to find a set of candidates for the optimal design in a single run of the algorithm instead of having to perform a series of separate runs as it deals with the traditional programming methods, for example, gradient-based search.
The multi-objective design optimisation problem is given below.
where k is the number of objective functions f k (p), p is a vector of m optimisation parameters, g i (p) and h j (p) are each of the r inequality and s equality problem constraints, p L and p U are lower and upper limits of the optimisation parameters. The constraints are considered as a new objective constraints handling function f k+1 (p). Different constraint handling techniques are presented in [11] .
The most common approach for the constrains handling is the use of penalty functions. When using a penalty function, the constraint evaluation is used to penalise an infeasible solution and feasible solutions are favored by the selection process. However, penalty functions have several drawbacks, for example, they require a careful tuning of the penalty factors that accurately estimates the level of penalisation. Also, a balance between feasible and infeasible solutions is necessary to solve a multi-objective optimisation problem and the feasible region must be wide enough to reach the global optimum.
In multi-objective optimisation, objectives are not comparable with respect to their magnitude and value and may conflict, where some objectives can not be increased without a decreasing of others. The result of a multiobjective optimisation is a set of trade-off solutions which are considered to be suitable for all objectives. In this paper the use of the evolutionary complex search algorithm for the PKM's multi-objective design optimisation is presented for the first time. The optimisation scheme includes the kinematic, elastostatic, elastodynamic properties of the machine and constraint handling based on the penalisation function.
In Section 2 the limited kinematic description of the 3-DOF Gantry-Tau parallel kinematic machine is presented. In Section 3 the basic concept of the complex search method is described. In Section 4 complex method based on geometric and functional dependency descriptions of workspace, unreachable areas, link collisions, joint angle limits, static matrix, stiffness, first resonance frequency and end-user's preferences is presented. The objective functions and constraints handling are also presented in Section 4. Section 5 contains the optimisation results and conclusions are presented in Section 6.
Kinematic Description
The full kinematics of the 3-DOF Gantry-Tau structure has been described earlier in [12] and [13] and limited description is presented in this paper. The manually reconfigured triangular-link version of the Gantry-Tau kinematic model is illustrated in Figs. 1 and 4 . As for the basic Gantry-Tau structure, each of the 3 parallel arms (lengths L 1 , L 2 and L 3 ) is controlled by a linear actuator with actuation variables q 1 , q 2 and q 3 . The actuators in Fig. 1 Figs. 2 and 3 show the kinematic parameters of the moving platform. L p is the platform length, R p is the platform radius, β 2 is an angle between the orientation axis and positions of the points C, D, E, β 1 is an angle between the orientation axis and points A and B on the platform, β 3 is an angle between the orientation axis and the point F on the platform, d A is the distance in the Y direction between the boundary of the platform and the point A, d E is the distance in the Y direction between the boundary of the platform and the point E, d AB is the distance in the Y direction between the points A and B on the platform, d ED , is the distance in the Y direction between the points E and D on the platform, d EC , is the distance in the Y direction between the points E and C on the platform. Note, that three parameters are not included into the optimisation and the end-user must specify them before the optimisation starts. These parameters are : the tool length-L tool , the length from the platform circle of radius R p to the connection point for the universal joints-L pin and the length from the connection point to the centre of the joint-L b . Fig. 4 shows the PKM structure in both the left-hand and right-hand assembly modes. The Tau structure is characterised by a clustering of the links in groups of 1, 2 and 3, respectively, with fixed link lengths L 1 , L 2 and L 3 . Three linear actuators are used at the base to move the three arms independently in the global X direction. More details about the inverse and forward kinematics of the Gantry-Tau can be found in [14] .
The actuator track locations are fixed in the Y and Z directions and the locations are denoted (T 1y T 1z ), (T 2y T 2z ) and (T 3y T 3z ) respectively (see Figs. 1 and 4) . The dimensioning of the PKM's support frame is given by the two variables Q 1 and Q 2 as illustrated in Fig. 4 , where Q 1 is the depth and Q 2 is the height. Q 3 is the Z coordinate of the actuator T 1 , Q 4 is the Y coordinate of the actuator T 2 .
The width of the machine in the X direction is given by the length of the actuators. The platform points A − F in the TCP coordinate frame are calculated as follows.
[ax ay az]
where the signs of the angle β 2 for the points E and C are the optimisation parameters,
The angles β i are illustrated in Fig. 3 . The matrix R y is a standard rotational matrix.
The vector pointing from the actuator position to the point A on the platform is given below.
A x , A y , A z are the X-, Y -and Z-normalised components of the vector A. According to the kinematics, the vector from the actuator T 2 to the point A on the platform is given below. Vectors from the actuators to the points B-F are found in a similar way.
where C = cos α, S = sin α. The angle α is illustrated in Fig. 5 . T 2x , T 2y , T 2z are the coordinates of actuator T 2 at the given TCP position, X, Y, Z are the TCP coordinates, [a x a y a z ] are the coordinates of the point A in the TCP coordinate frame. The cos α is given below.
where, L 3m is the middle length of the triangular-mounted arm 3. M x , M y , M z are coordinates of a vector from a midpoint M between the triangular link coordinates C, D and E on the platform to the actuator position (T 3x T 3y T 3z ). The kinematic parameters of the prototype are presented in Section 5. X coordinates of the actuator positions q 1 , q 2 , q 3 are defined from general inverse kinematics and presented in [13] . A prototype of the 3-DOF Gantry-Tau with a triangular-mounted link pair built at the University of Agder, Norway is shown in Fig. 6 .
Complex Search Method
The complex search method is based on the evolutionary multi-objective optimisation concept. In this paper the exterior penalty barrier function is used and expressed as follows.
where
Note, that g i (p) is normalised. A solution g i (p) = 0 is applied when g i (p) is inside of its boundaries. This barrier function eliminates any tuning parameters.
The complex search method consists of several stages:
• Generate the initial population of n designs y n . As a rule of thumb, the size of the initial population equals • Objectives are evaluated and the worst and the best designs are identified as y j and y k respectively in each iteration.
• The centroid of the remaining design is found as y c in each iteration.
• The worst design y j is mirrored through the centroid y c and a new design is found.
• If the new mirrored through the centroid design continues to be the worst design, it is moved towards the current best design more or less strongly depending on how often this had happened in a row. In Fig. 7 the implementation of the complex search method is shown, when a new design is found as the worst design mirrored through the centroid. The centroid y c and a new design y j new are defined as follows.
where n is the number of the designs y and y j is the worst design. When a new design is found through the best de-sign, some changes are applied.
where y k is the best design, n 0 is a tuning parameter, normally 4−5, n rep is the number of iterations in a row, where the design y j has been the worst. Parameters n 0 and n rep are used to switch the algorithm between the worst and the best designs to find a new one.
3-DOF Gantry-Tau Design Optimisation
The Gantry-Tau design optimisation problem based on the evolutionary complex search method is expressed as follows.
where p is a vector of the optimisation parameters. Each optimisation parameter has its upper and lower limits. The limits of some parameters depend on others. For example, upper L U 1 (p) and lower L L 1 (p) limits of the first link L 1 are the functions of the other parameters such as the angle β 3 , radius of the platform R p and user's specifications: length of the pin -L pin , radius of the platform -R p and support frame dimension in the X direction -IS lth .
A vector of the 19 optimisation parameters p is given below and described in Section 2. Parameters β 2E β 2C are the sings and keep the direction of the angle β 2 for the points E and C on the platform.
The user's specifications are: the minimum Cartesian stiffness k min and minimum first resonance frequency γ min levels specified by the user according to the robot's applications, minimum distance between two robot's links L * C , maximum installation space in the Y direction IS dth , maximum installation space in the Z direction IS hth , maximum installation space in the X direction IS lth , minimum platform radius R pmin , minimum platform length L pmin , length from the connection point to the centre of the joint L b , lengths of the tool L tool and pins on the platform L pin , Young's modulus ε Y oung , mass of the links M a , mass of the TCP M T CP , mass of the joints M j , joint stiffness k j , individual link stiffness k a , user's specified workspace in the Y direction U W a and in the Z direction U W b , workspace integration step δ. The user's specifications and requirements used in the design optimisation are given in Table 2 .
The objectives vector F in Eq. (19) includes workspace, unreachable area, link collisions, installation space, Cartesian stiffness, dynamics performances and expressed as follows.
where k 2,2min (p) is a minimum Cartesian stiffness in the Y direction, γ i (p) is the first resonance frequency for the current workspace cell i, A R (p) is the workspace, A coll (p) is the link collision parameter and equals 1 if collisions are detected or 0 if there are no collisions for the current workspace cell. All objectives subfunction's definition methods are presented in [13] . 0.7 is a parameter of the sensitivity and equals the workspace and user's specified workspace ratio, δ is the workspace integration parameter, where the minimum workspace cell equals δ 2 , N U M is the number of the workspace cells, IS is the installation space and depends on the positive or negative direction of the parameter Q 4 .
The weakest stiffness for the Gantry-Tau is the stiffness in the Y direction, when the single link is mounted as in Fig. 4 . Increasing the stiffness in the Y direction is the main task for the stiffness optimisation. There are some solutions to increase the stiffness. The first solution is reducing the link lengths while support frame parameters Q 1 , Q 2 are fixed. The second solution is increasing the parameters Q 1 , Q 2 while the link lengths are fixed. The third solution to increase the stiffness is by shifting the Y position of the actuators T 2 and T 3 . In this paper the Y position of actuator T 2 is variable while the actuator T 3 position is fixed. The fourth solution is a change of the distances between the points A and B or E, C and D on the platform as well as the platform length. The last way to increase the stiffness in the Y direction is to increase Q 1 while other parameters are fixed. Note, that the support frame parameter Q 1 defines the Y coordinate of the actuator T 1 . The Cartesian stiffness objective in Eq. (21) is a function of the user's requirements and optimisation parameters and equals 1 if the minimum stiffness level for the current design in the Y direction is greater than required. Apparently, the stiffness objective function is equal to the required minimum stiffness and current minimum stiffness levels ratio.
The solutions to change the first resonance frequency are the same as for the stiffness. In addition, different X and Z coordinates of the points A − F on the platform will also change the first resonance frequency. However, some design modifications applied to increase the Cartesian stiffness may decrease the first resonance frequency. The balance between the optimisation parameters when both stiffness and first resonance frequency satisfy their minimum requirements on the user's specified workspace is the main task of a combined static-dynamic optimisation. The dynamics objective in Eq. (22) is a summary of the workspace cells, when the minimum required first resonance frequency is greater than a current frequency at the given cell. The dynamics objective is also extended by the ratio between the current and required frequencies, which indicates the level of the acceptance for the given cell. Apparently, the summary of the workspace cells equals zero, when the required frequency is less than the current for these cells.
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Lower limit Upper limit Table 2 . User's specifications and requirements used in the design optimisation.
the collisions between the links are detected. The collisions are detected if the distance between the links is less or equal to L * C . If a collision between the links is detected, Eq. (25) equals 1 and workspace cell is added to the summary of the cells. The quality function is minimised while minimising the ratio between the installation space and collisions free workspace. The objective function in Eq. (24) is the constraints handling. A fully geometric method to define the optimisation parameter's upper and lower limits is given below. The limits are the functions of the user's specifications and requirements as well as the current design parameters.
The link's L 1 , L 2 and L 3 lower limits are found according to Fig. 8 , where
The link's lower limits are expressed as follows.
where lower limits L The link's L 1 , L 2 and L 3 upper limits are found as the maximum possible link lengths when the unreachable space in the middle of the workspace is not detected. Because of a limited space the definition method is not presented in this paper but available in [13] .
In Fig. 8 the unreachable area caused by the platform kinematics is shown in dark grey colour. The light grey coloured area is the user's specified workspace. According to Fig. 8 , both lower Q coordinate of the actuator T 2 for the given link length L 2 are found as follows.
The lower and upper limits of the other optimisation parameters are given in Table 1 where h a2 and h a3 are the lengths of the unreachable area shown in Fig. 8 and presented in [13] .
The constraints handling method is given below.
where P ar cur i is a current volume of the parameter i, P ar U i
is the upper limit of the parameter i, and P ar L i is the lower limit of the parameter i.
Results
The optimisation results are summarised in Table 3 was fixed to 3500. The best result was found in iteration 3169. Fig. 9 shows the convergence trend of the main objective function F as a summary of four sub-objectives in 3500 iterations. Fig. 10 shows the main objective function's and sub-objective's f qual , f stif and f f rf convergency trends in the last 500 iteration, where the best design was found. According to Table 3 the objective function was improved by 55 %, sub-objectives f qual , f stif and f f rf by 18.2 %, 59 % and 7.2 % respectively. The optimised design was obtained in less than 120 hours on a Pentium Centrino 2 (CPU 2.2 MHz) computer. Figure 9 . The main objective function as a sum of 4 subobjectives. Figure 10 . Last 500 iterations: main objective function (1st), the sub-objective f qual (2nd), the sub-objective f stif (3rd), the sub-objective f f rf (4th).
Conclusion
In order to solve multi-objective and multi-constraint problem for the PKM optimisation, the complex search method was successfully implemented with a total of 19 design parameters for the Gantry-Tau design. The constraint handling function was considered as a new objective. The user's preferences were also added into account. Furthermore, the proposed approach would be relatively simple to implement for other PKMs. Our future path of research is the use of the complex search method with a local search engine to improve its search power in order to obtain results of even higher quality at a lower computational cost.
